In this manuscript, we study quantile regression in partial functional linear model where response is scalar and predictors include both scalars and multiple functions. Wavelet basis are adopted to better approximate functional slopes while effectively detect local features. The sparse group lasso penalty is imposed to select important functional predictors while capture shared information among them. The estimation problem can be reformulated into a standard second-order cone program and then solved by an interior point method. We also give a novel algorithm by using alternating direction method of multipliers (ADMM) which was recently employed by many researchers in solving penalized quantile regression problems. The asymptotic properties such as the convergence rate and prediction error bound have been established. Simulations and a real data from ADHD-200 fMRI data are investigated to show the superiority of our proposed method.
Introduction
Functional data analysis (FDA) is about the analysis of information on curves, images, functions, or more general objects. It has become a major branch of nonparametric statistics and is a fast evolving area as more data has arisen where the primary object of observation can be viewed as a function (Ramsay, 2006; Wang et al., 2015; Morris, 2015) . A standard functional linear model with scalar response and functional covariate is
where the coefficient β(t) is a function, and ε is a random error. To estimate the functional coefficient β(t), we can use functional basis to approximate it. There are three major choices of functional basis: general basis such as B-spline basis and wavelet basis (Cardot et al., 2003; Zhao et al., 2012) , functional principal component basis (Cardot et al., 1999; Cai and Hall, 2006; Müller and Yao, 2008; Kong et al., 2016) , and partial least square basis (Delaigle and Hall, 2012) .
Recently in imaging analysis, Zhao et al. (2012) , Wang et al. (2014) and Zhao et al. (2015) successfully adopted wavelet basis with regularizations to estimate the functional slope where the functional covariates are image features located in 1D, 2D and 3D domains respectively.
The functional linear model (1) can be extended to a partial functional linear model with multiple functional covariates
where covariates u are scalars and γ are the coefficients. The functional coefficients β(t) can be estimated by using regularization techniques. In particular, penalized principal component basis has been an especially popular choice (Gertheiss et al., 2013; Lian, 2013) . Recently, Kong et al. (2016) successfully applied such technique to model (2) in the setting of ultrahigh-dimensional scalar predictors.
In recent years, quantile regression, which was introduced by the seminal work of Koenker and Bassett (1978) , has been well developed and recognized in functional linear regression, with many mainly focusing on the functional linear quantile regression model:
where Q τ (y|x(t)) is the τ-th conditional quantile of response y given a functional covariate x(t)
for a fixed quantile level τ ∈ (0, 1). As an alternative to least squares regression, the quantile regression method is more efficient and robust when the responses are non-normal, errors are heavy tailed or outliers are present. It is also capable of dealing with the heteroscedasticity issues and providing a more complete picture of the response (Koenker, 2005) . To estimate the functional coefficient β τ (t), functional basis can as well be used to approximate it; for instance, general basis like B-spline basis (Cardot et al., 2005; Sun, 2005) , functional principle component basis (Kato, 2012; Lu et al., 2014; Tang and Cheng, 2014) and partial quantile basis (Yu et al., 2016) .
In this article, we extend model (3) to a partial functional linear quantile regression model with multiple functional covariates
where Q τ (y| u, x(t)) is the τ-th conditional quantile of y given scalar covariates u and multiple functions x(t). To our best knowledge, only a few works have studied this model; for example, Yu et al. (2016) used partial quantile basis while Yao et al. (2017) used penalized principal component basis. Inspired by the success of wavelet basis with regularization in functional linear model (Zhao et al., 2012; Wang et al., 2014; Zhao et al., 2015) , we use it to approximate the functional coefficients β τ (t) in model (4). Wavelet basis can provide a good representation of functional coefficients by using only a small number of basis and are particularly useful for capturing localized functional features. Moreover, the wavelet transform is computationally efficient and hence suitable for dealing with multiple functional predictors.
The penalization we impose is sparse group lasso (Zhao et al., 2014 , Simon et al., 2013 , which is motivated by the attention deficit hyperactivity disorder (ADHD) study from the ADHD-200 Sample Initiative Project. Our goal is to predict ADHD index at various quantile levels by using both demographic information and functional magnetic resonance imaging (fMRI) data, where the fMRI data consists of 116 functional features, each of which represents a single region of interests (ROI) of human brain. The sparse group lasso technique, by imposing a convex combination of lasso and group lasso penalties, can select important ROIs while capture shared information among them. More specifically, the group lasso penalty makes a sparse selection out of 116 functional features of ROIs, while the lasso penalty induces a sparse representation of each feature. Common wavelet basis is used to represent different features so that the shared information among them can be captured.
There are five major contributions of this paper. First, our conditional quantile framework provides a more suitable modelling of reality especially when the response is heavy tailed (Yao et al., 2017) . It is also a compelling choice of dealing with heteroscedasticity issues and can provide a more complete picture of the response (Koenker, 2005) . Second, the wavelet basis we adopt provides a good approximation of functional coefficients while effectively detects the local features. The wavelet transform we use is computationally efficient and hence can be easily extended to deal with multiple functional predictors. Third, the proposed sparse group lasso method selects important functional predictors and retains shared information among them as well. It is extremely useful in ADHD-200 fMRI study so that both individual and common information can be captured among the different ROIs. Fourth, the estimation problem is in fact a penalized quantile regression problem, which can be reformulated into a second-order cone program and then easily solved by an interior point method implemented by a powerful R package: Rmosek. We also propose a novel algorithm to solve it by using alternating direction method of multipliers (ADMM). Fifth, we successfully derive the asymptotic properties including the convergence rate and prediction error bound which theoretically warrants good performance of our estimates.
The rest of paper is organized as follows. In Section 2, we review some necessary background on wavelets and provide the penalized quantile objective function with sparse group lasso penalty.
The asymptotic properties such as the convergence rate and predictor error bound are established in Section 3. In Section 4, the quantile penalization problem is reformulated into a second-order cone program (SOCP) and solved by an interior point method by using a powerful R package:
Rmosek. We also propose a novel algorithm using alternating direction method of multipliers (ADMM). Finite sample simulations and a real data from ADHD-200 fMRI data are investigated in Section 5 to illustrate the superiority of our proposed method.
Wavelet-based Sparse Group Lasso
In this section, we first review some necessary background on wavelets. We then provide the penalized quantile objective function with sparse group lasso penalty where the functional co-efficients are approximated by wavelet basis. This leads to the sparsities of both the selection and representation of functional features. More specifically, the group lasso selects a sparse set from available functional features, while the lasso induces a sparse representation of the selected functional features.
Some Background on Wavelets
Wavelets are basis function that can provide a good approximation of functional coefficients while effectively capture the local features (Zhao et al., 2012) . Moreover, the wavelet transform is computationally efficient and hence can be easily extended to deal with multiple functional predictors (Daubechies, 1990) . For a given τ ∈ (0, 1), let β lτ (t) be one component of β τ (t) in (4),
We can approximate it using wavelet basis. For any wavelet basis in L 2 [0, 1], they can be derived by dilating and translating two orthonormal basic functions: a scaling function and a wavelet function, namely φ(t) and ψ(t)
respectively:
where j and k are integers, 1 0 ϕ(t) = 1 and 1 0 ψ(t) = 0. In particular, given a primary resolution level j 0 , the wavelet basis are
Therefore, β lτ (t) can be approximated by
where a
dt is the approximation coefficients at the coarsest resolution j 0 , and
dt is the detail coefficients characterizing the fine structures.
In practice, the functional covariates x(t) = (x 1 (t), . . . , x m (t)) T are discretely observed, for instance without loss of generality, at N = 2 J equally spaced points of [0, 1] with 0 = t 1 < t 2 < · · · < t N = 1. Let X = (x 1 , . . . , x m ) and β τ = (β 1τ , . . . , β mτ ), where
β lτ = (β lτ (t 1 ), . . . , β lτ (t N )) T and l = 1, . . . , m. We represent X and β τ by the wavelet coefficients through discrete wavelet transform (DWT). In particular, let W be an N×N matrix associated with orthonormal wavelet basis derived from DWT. Suppose C and B are the corresponding wavelet coefficients of X and β τ . Then we have X = W T C, β τ = W T B τ , and the integration in model (4):
The last equality holds due to the orthonormality of W. From now on, we denote v = vec(C) T /N and θ τ = vec(B) where C = (c 1 , . . . , c m ) and B = (b 1τ , . . . , b mτ ).
Model Estimation
Using wavelet basis by DWT, model (4) becomes
Given n identical copies of data triplets (X i , u i , y i ), where X i and u i are the observed functional and scalar covariates respectively, and y i is the corresponding response, the parameters in (7) can be estimated by minimizing a regular quantile loss function. However, to find the important functional covariates in predicting responses while preserve a desired sparse representation of the coefficients, an appropriate penalty has to be imposed. In this paper, we propose to use the sparse group lasso penalty
where ||·|| 1 and ||·|| 2 represent the L 1 and L 2 norms respectively, and λ 1 and λ 2 are two nonnegative tuning parameters. The sparse group lasso penalty includes two components, namely a lasso and a group lasso penalties, where the lasso penalty || · || 1 induces sparsity in each functional coefficient and the group lasso penalty || · || 2 selects functional coefficients. Common information among functional covariates can be retained by using the same wavelet basis to approximate the functional coefficients. Moreover, the sparse group lasso warrants the selection of important functional coefficients while captures distinct traits carried by individual functional covariates.
Specifically, the parameters α τ , γ τ , and θ τ can be estimated by
where ρ τ (x) = x(τ − 1(x < 0)) is the quantile check function (Koenker, 2005) .
quantile regression, which simultaneously considers multiple regression quantiles at different levels. With homoscedasticity assumption, where all conditional regression quantiles have the same slope, the composite quantile estimate is more efficient than the one from a single level and has in recent years begun to gain its popularity in many fields (Kai et al., 2010; Fan and Lv, 2010; Bradic et al., 2011 , Kai et al., 2011 Yu et al., 2016) . In this paper, we propose to use composite quantile regression with sparse group lasso penalty in our functional data analysis framework.
Let 0 < τ 1 < · · · < τ k < 1 denote the selected quantile levels and then the parameters α, γ and θ can be estimated by
where α = (α 1 . . . . , α K ) is a vector of intercepts. Typically, we can choose K = 9 and use equally spaced quantiles (Kai et al., 2010; Zou and Yuan, 2008) . Note that quantile estimate (9) at a single level is just a special case of composite quantile estimate (10) with K = 1. In the following, we will focus on the composite quantile regression case of (10).
Asymptotics
In this section, we investigate the asymptotic properties of our proposed estimates when both the sample size n and the number of discrete points N n tend to infinity. Let λ 1,n and λ 2,n denote the tuning parameters when the sample size is n. To derive the asymptotic properties, we impose the following conditions:
A1. The model errors ε 1 , . . . , ε n are independently following a distribution F, with density f to be bounded away from zero and infinity, and its derivative f to be continuous and uniformly bounded.
A2. There exist two constants c 1 and c 2 such that
where A n = (a 1 , . . . , a n ) T is the design matrix with
T , and min (·) and max (·) are the smallest and largest eigenvalues of
A3. There exists a constant M such that ||a i || 2 < M for all i.
A4. The functional slope β l (t)s are d times differentiable in the Sobolev sense, and the wavelet basis has w vanishing moments, where w > d.
A6. N n /n → 0.
These regularity conditions might not be the weakest ones but are commonly assumed among literatures of quantile regression and functional linear model. Condition (A1) is standard for quantile regression (Koenker, 2005; Zhao et al., 2014) , which regulates the behavior of the conditional density of the response in a neighborhood of the conditional quantile and is crucial to the asymptotic properties of quantile estimators (Koenker and Bassett, 1978) . Condition (A2) is a classical condition in functional linear regression literature (Delaigle and Hall, 2012) . It ensures the eigenvalues of the covariance matrix go to neither zero nor infinity too quickly. Similar conditions as (A3) -(A6) can be found in Zhao et al. (2012) and Zhao et al. (2015) , among others. Condition (A4) guarantees that the space spanned by the wavelet basis can well approximate the functional slopes with small approximation errors. Condition (A6) implies that to allow for estimation of β with appropriate asymptotic properties, n should grow faster than N n . Note the wavelet basis has w vanishing moments if and only if its scaling function ϕ can generate polynomials of degree at most w.
Theorem 3.1. Letβ l,n be the estimator resulting from (10) and β l is the true coefficient function.
A detailed proof of this theorem is provided in the Appendix. The accuracy ofβ relies on both n and N n . The approximation error rate ofβ towards β are controlled by two terms. The first term is of the same order of N n /n which is a typical result of estimating, while the second term is of the lower order of 1/N 2d n which is mainly due to approximation by wavelets. In particular, the approximation error rate is dominated by the second term if N 2d+1 n is of the lower order of n. Otherwise, it is dominated by the first term. Under some further conditions, we can have the following theorem for the prediction error bound:
where y is the true response andŷ is estimated τ k 's conditional quantile.
The proof follows that from Theorem 3.1 and the Cauchy-Schwarz inequality, the details of which are omitted in this paper. Similarly as in Theorem 3.1, L 2 prediction error rate depends on the same two terms from estimating and approximation by wavelets respectively, while the estimation errors caused byα k andγ is absorbed by the first term.
Implementations
Due to the non-smoothness of loss function, quantile estimator does not enjoy the nice asymptotic properties, as well as computational easiness, as what ordinary least square estimator does. After illustrating asymptotic theory of the proposed quantile estimator, it becomes of great importance to have an efficient algorithm to obtain it. In this section, we reformulate the optimization problem (10) into a second-order cone program (SOCP) and implement it by interior point method using a powerful R package: Rmosek (Aps, 2015) . Alternatively we propose a novel algorithm to solve problem (10) by using alternating direction method of multipliers (ADMM) which was a technique recently employed by many researchers in solving penalized quantile regression problems. In the end, we discuss some practical rules to choose tuning parameters.
A Second-Order Cone Program
Let the superscripts + and − denote the positive and negative parts of a vector. For unknown parameter θ in (10), we write: θ = θ + − θ − and ||θ|| 1 = ||θ + || 1 + ||θ − || 1 . Similarly, we have
Then problem (10) can be reformulated as the following standard second-order cone program:
where r + ki , r − ki and z l are three nonnegative slack variables, and the contraint ||b
≤ z l implies a second order cone of dimension 2N + 1 (Lobo et al., 1998) denoted as
The reformulation is guaranteed by the fact that for each component of optimal b l , either b 
As a result, the objective function in (11) decreases, which contradicts with the fact that b l being optimal.
Various optimization strategies can be applied to solve SOCP (11) such as interior point method (Koenker and Park, 1996) and the simplex method (Koenker, 2005) . In this paper, we choose to use interior point method. The R package we use is Rmosek (Aps, 2015) . The technique proposed to reformulate our problem into a SOCP can be easily adapted to other penalized quantile regression problems; for example, quantile ridge regression (Wu and Liu, 2009 ).
ADMM Algorithm
Although problem (10) is convex, solving it can be very slow partially due to large scale data in the application and the non-smooth terms in the objective that prevent fast gradient method being applied. However, with non-smooth terms in the objective and very large scale data, these methods can be very slow. In this section, we explore the additive structure of the objective function, namely, decompose it into two sub convex problems, and then propose a novel and efficient algorithm by using alternating direction method of multipliers (ADMM) (Gabay and Mercier, 1976 ).
This powerful tool was originated in 1950s and developed during 1970s (Hestenes, 1969; Gabay and Mercier, 1976) . It has been popularized in recent years among quantile regression literature (Boyd et al., 2011; Gao and Kong, 2015; Kong et al., 2015) .
where L n (·) and P λ 1 ,λ 2 (·) are two convex functions. Applying augmented lagrangian (Hestenes, 1969) , we have
Let w = µ/η. The ADMM algorithm to obtain the minimizer of (12) follows a three-step iterative scheme:
For the first step of (13), it can be reformulated as a SOCP:
which can be easily solved by following an ADMM scheme:
The first step of (14) can be explicitly solved by the soft thresholding operator. The second step can be easily approximated by a standard ridge regression therefore has a closed form.
The second step of (13) can be simplified by the soft thresholding operator. That is,
where sgn(·) is the sign function.
A typical stopping criterion with primal and dual residuals denoted respectively by r primal and r dual (Boyd et al., 2011) can be chosen as :
where q is the dimension of γ, and parameters abs and rel are two predefined absolute and relative tolerances which can be set as 10 −4 and 10 −2 respectively.
Instead of tackling the original problem directly, ADMM decompose it into several sub convex problems then deal with them separately by iteration. In each iteration, the sub problem can be easily and efficiently solved by the soft thresholding operator or approximated to have a closed form. Therefore, the ADMM algorithm derived is much faster and more efficient than other general techniques.
Selection of Tuning Parameters
The proposed method involves selection of two nonnegative tuning parameters, namely λ 1 and λ 2 , which control the severity of penalization towards model complexity. Specifically, λ 1 controls sparsity in each functional coefficient while λ 2 controls the number of selected functional coefficients. Although many options exist for selecting tuning parameters, such as AIC, BIC and cross validation, there is no agreed-upon selection criterion in general. After showing that AIC and cross validation may fail to consistently identify the true model, Zhang et al. (2010) proposed to use the generalized information criterion (GIC), encompassing the commonly used AIC and BIC, and illustrated the corresponding asymptotic consistency. More recently, Zheng et al. (2015) used the GIC to make consistent model selection for quantile regression in ultra-high dimensional settings. In this paper, we propose to use the GIC:
(λ 1 ,λ 2 ) = arg min
whereθ λ 1 ,λ 2 is a solution of problem (10), || · || 0 denotes L 0 norm (total number of non-zero elements in a vector), φ n is a sequence converging to zero with n goes to infinity, andŷ ki is calculated from (7) with τ = τ k .
In addition, we can also use the validation set (Li et al., 2007, Wu and Liu, 2009 ) to select gold standard λ 1 and λ 2 that minimize the prediction error. Simulations in Section 5 demonstrate a satisfactory behavior of the proposed criterion compared with the validation set method.
Numerical Studies
In this section, we compare performances of the proposed sparse group lasso method with group lasso and lasso methods using simulations and a real data from ADHD-200 fMRI sample (Mennes et al., 2013) . We also compare the tuning parameters selected by the GIC approach we proposed and the validation set approach. In our numerical studies, we employ least-asymmetric wavelets of Daubechies with 6 vanishing moments and fix the tuning parameter ratio λ 1 /λ 2 = 0.5 (Simon et al., 2013) . To simplify notations, we use qSGL, qL and qGL to represent the quantile sparse group lasso, lasso and group lasso methods respectively.
Simulations
Our data are randomly generated using 12 functional covariates and 2 scalar covariates in a setting similar to Collazos et al. (2016) . In particular, the model is of the form:
where
T with u i1 ∼ N(0, 1) and u i2 ∼ Bernoulli (0.5), and the coefficients γ = (0.32/256, 0.32/256) T . The functional covariates x i (t) = (x i1 (t), . . . , x i12 (t)) T are observed on an equally spaced grid of N = 256 points on [0, 1] with
x il (t) = ω il (t) for l = 4, 6, 7, . . . , 12;
with r x il = max
The functional coefficients β(t) are generated based on the following 4 functions:
where f (t, α, β) is the density function for beta distribution: Beta(α, β). Note f 1 (t) has also been considered by Zhao et al. (2012) ; the second function f 2 , the so-called "Heavi-Sine" function, is one of test functions from Donoho and Johnstone (1994) which is very popular among wavelet literature (Antoniadis et al., 2001) ; and f 4 was proposed by Lin et al. (2013) .
To generate the functional slopes β 1 (t), . . . β 4 (t), we first apply DWT for f 1 , . . . , f 4 and select the wavelet coefficients with absolute values greater than .1; and based on the inverse DWT of the selected coefficients, we generate normalized β 1 (t), . . . β 4 (t), each of which possesses sparsity and is shown in Figure 1 . The rest of slopes are set to be zero, i.e., β l (t) = 0 for l = 5, . . . , 12.
The error term ε i is drawn from the following distributions: 1) Standard normal : N(0, 1); 2)
Figure 1: Slope functions of β 1 to β 4 .
Mixed-variance: .95N(0, 1) + .05N(0, 10); 3) t distribution with 3 degrees of freedom: t 3 ; 4)
Standard Cauchy: C(0, 1). The signal-to-noise (SNR) ratio, defined as µ/σ in this paper, is chosen from three different levels: SNR = 1, 5, 10, where µ is the mean of signal and σ is the standard deviation of the noise.
The sizes of the training, tuning and testing data sets are n, n and 10n respectively. We select the tuning parameters via a grid search using the GIC and validation set methods through the tuning data set. In GIC, φ n s are 5p n , 5p n and p n for the quantile sparse group lasso, lasso and group lasso methods respectively, while p n = log log(n) log log(p) / (10n). The validation set method is used to select the gold standard (GS) tuning parameters that minimize the prediction error of tuning data sets (Li et al., 2007 , Zou and Yuan, 2008 , Wu and Liu, 2009 ).
In our simulations, we choose n = 200, 400, set τ = 0.5, and use 100 Monte Carlo repititions.
We use the following five criteria of the performance, namely, the group accuracy (GA), variable accuracy (VA), mean absolute prediction error (MAPE), mean integrated square errors (MISE) and individual integrated square errors (ISE). The group accuracy (GA) is the proportion of correctly picked up and dropped off functional components, that is
0 | /12 with M 0 = {l : β l (t) 0} and M = {l :β l (t) 0}. The variable accuracy (VA) is defined similarly as GA by simply replacing the M 0 and M as the true and estimated index sets of non-zero wavelet coefficients. The mean absolute prediction error (MAPE) is MAPE= E(|ŷ − y|). The mean integrated square errors (MISE) of the 12 estimated functional coefficients:
as well as the individual integrated square error (ISE):
is used to measure the estimation accuracy of functional coefficients.
Due to space limit, we only discuss the results of SNR = 5. The results for the other two SNRs are both in favor of our method and deferred to the Appendix. As shown in Table 1 , in general, the performance of qSGL method is better than the qL and qGL methods in terms of mean integrated square errors (MISEs) and mean absolute prediction errors (MAPEs). For different error types, our proposed GIC approach is only slightly outperformed by the gold standards. As the sample size increases, the MISEs and MAPEs decrease, which is consistent with our theoretical results.
For group accuracy (GA), qGL performs better than the other methods in most cases, while qL performs quite well in terms of variable accuracy (VA). However, in the case of GIC, the sparse group lasso method outperforms the two competitors regarding both GA and VA, especially for larger sample sizes. In Table 2 , it shows that the ISEs of sparse group lasso are smaller than the other two methods. It also shows that the ISE ofβ 1 (t) is always less than the other three slope functions in most cases regardless the methods used. It might be due to the fact that β 1 (t) is smoother than the other slopes; see Figure 1 . Table 1 : Simulation summary of SNR=5. The first column n is the size of training data. The second column is the type of noise. The third column is the method we used, qSGL for the quantile sparse group lasso, qL for the quantile Lasso, and qGL for the quantile group lasso.
GS means λ was selected by the validation method (gold standard). GIC means λ selected via the GIC criterion. MISE stands for mean integrated errors. MAPE, GA and VA indicate mean absolute prediction error, group accuracy and variable accuracy, respectively. Table 2 : Individual funtional L 2 error of SNR=5. The first column n is the size of training data.
The second column is the noise type. The third column is the method we used. ISE1: ||β 1 − β 1 || 
Real Data
The real data we use is a subset of the ADHD-200 Sample Initiative Project (Mennes et al., 2013) , which studies attention deficit hyperactivity disorder (ADHD), the most commonly diagnosed mental disorder of childhood which may persist into adulthood. ADHD is characterized by problems related to paying attention, hyperactivity, or impulsive behavior. The dataset is a filtered preprocessed resting state fMRI data from New York University Child Study Centre using We apply partial functional linear quantile regression model (4) with 59 functional covariates and 8 scalar covariates. In order to select the significant functional covariates from 59 ROIs, we use the procedure proposed by Meinshausen and Bühlmann (2010) In neurological science literature on ADHD, it has been shown that the 7 regions of cerebellum, temporal, vermis, parietal, occipital, cingulum and frontal are commonly discovered to be significantly related to ADHD symptoms from various studies ( Max et al., 2005; Konrad and Eickhoff, 2010; Tomasi and Volkow, 2012) . We first evaluate the performances of qSGL, qL and qGL methods in terms of the selection of these 7 regions, which are essentially 14 ROIs including the left and right parts. In Table 3 and 4, we list the selected ROIs from three different methods.
In particular, qSGL, qL and qGL select 15, 20 and 9 ROIs respectively. In terms of those 7/14 commonly discovered regions/ROIs, Both our proposed qSGL and qGL methods have lower false discovery rates (33%) than the qL method (55%), while our method is superior to the qGL as it identifies more true positives (10 vs 6). Moreover, "Occipital R", the right occipital region, can only be identified by our method. While both Table 3 and 4 confirm that most of the selected ROIs are coming from the 7/14 mostly discovered regions/ROIs, the three methods also suggest three other common ROIs: "Olfactory R", "Supramarginal R", and "Caudate R", namely right olfactory, right supramarginal, and right caudate regions respectively, which have been evidently important as suggested by some ADHD studies. For instance, Schrimsher et al. (2002) revealed a relationship between caudate asymmetry and some symptoms related to ADHD. The findings of Sidlauskaite et al. (2015) imply the supramarginal gyrus is associated with the ADHD symptom scores.
Method
Significant ROIs "Temporal R" "Cerebelum R" "Frontal R" "Occipital R" "Olfactory R"
"Caudate R" "Frontal R" "Cerebelum R" "Vermis" "Olfactory R" qGL "Temporal R" "Precentral R" "SupraMarginal R" "Frontal L" 
Discussion
This article studies quantile regression in partial functional linear model where response is scalar and predictors include both scalars and multiple functions. We adopt wavelet basis to well approximate functional slopes while effectively detect local features. A sparse group lasso method is proposed to select important functional predictors while capture shared information among Significant regions qSGL qL qGL them. We reformulate the proposed problem into a standard second-order cone program and then solve it by an interior point method. A novel and efficient algorithm by using alternating direction method of multipliers (ADMM) is utilized to solve the optimization problem. In addition,
we successfully derive the asymptotic properties including the convergence rate and prediction error bound which guarantee a good theoretical performance of the proposed method. Simulation studies demonstrate that our proposed method is more effective in estimating coefficients and making predictions while capable of identifying non-zero functional components and wavelet coefficients. We analyze a real data from ADHD-200 fMRI data set and show the superiority of our method. Moreover, our analysis makes some new discovery about other brain regions that are evidently important in making diagnosis.
There are several topics that merit further research. Other asymptotic properties, such as the model selection consistency and asymptotic normality, of our proposed method could be developed. The technique proposed to reformulate our problem into a second order cone program (SOCP) could be further adapted to other penalized quantile regression problems; for example, quantile ridge regression (Wu and Liu, 2009) . Moreover, to estimate the functional slopes, the wavelet-based technique can also be used together with principal component analysis or partial least squares methods (Reiss et al., 2015) .
Appendix
Figure 2: Boxplot of L 2 norm for each slope function, by using the quantile spare group lasso method. . To obtain the result, we show that for any given ε > 0, there exists a constant C such that Pr inf ||z||=C L n Υ 0 + r n z + P λ 1 ,λ 2 θ 0 + r n z θ > L n Υ 0 + P λ 1 ,λ 2 θ
where r n = √ N n /n and z = (z 1 , . . . , z k , z γ , z θ ) is a vector with the same length of vector Υ 0 . This implies that there exists a local minimizer in the ball {Υ 0 + r n z : ||z|| ≤ C} with probability at least 1 − ε. Hence, there is a local minimizer Υ such that || Υ − Υ 0 || = O p (r n ).
To show (17), we compare L n (Υ 0 ) + P n (θ 0 ) with L n (Υ 0 + r n z) + P n (θ 0 + r n z θ ). By using the Knight identity, T . Finally, since r n → 0 and ||z|| 2 ≤ C, we have II := P n (θ 0 + r n z θ ) − P n (θ 0 ) ≤ λ 1 r n ||z θ || 1 + λ 2 r n m j=1 ||z θ j || 2 ≤ λ 1 r n √ mN||z θ || 2 + λ 2 r n m||z θ || 2 = O p (nr 2 n ||z θ || 2 ).
Since II is bounded by r 2 n ||z θ || 2 ,we can choose a C such that the II is dominated by the term I 2 on ||u|| = C uniformly. So Q n (Σ 0 + r n u) − Q n (Σ 0 ) > 0 holds uniformly on ||u|| = C. This completes the proof.
